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ABSTRACT
We present a detailed light curve analysis of RR Lyrae variables at multiple wavelengths using
Fourier decomposition method. The time-series data for RR Lyrae variables in the Galactic
bulge and the Magellanic Clouds are taken from the Optical Gravitational Lensing Experi-
ment survey while the infrared light curves are compiled from the literature. We also analyse
the multiband theoretical light curves that are generated from the stellar pulsation models of
RR Lyrae stars for a wide range of metal-abundances. We find that the theoretical light curve
parameters with different metal abundances are consistent with observed parameters in most
period bins at both optical and infrared wavelengths. The theoretical and observed Fourier
amplitude parameters decrease with increase in wavelength while the Fourier phase parame-
ters increase with wavelength at a given period. We use absolute magnitudes for a subset of
theoretical models that fit the observed optical RR Lyrae light curves in the Large Magellanic
Cloud to estimate a distance modulus, µLMC = 18.51 ± 0.07, independent of the metallicity.
We also use Fourier analysis to study the period-color and amplitude-color relations for RR
Lyrae stars in the Magellanic Clouds using optical data and find that the slope of period-color
relation at minimum light is very shallow or flat and becomes increasingly significant at the
maximum light for RRab stars. We also find that the metallicity dependence of the period-
color relations increases as we go from minimum to maximum light, suggesting that the mean
light results are indeed an average of the various pulsational phases. We summarize that the
average variation in these relations is consistent between theory and observations and supports
the theory of the interaction of the stellar photosphere and the hydrogen ionization front.
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1 INTRODUCTION
RR Lyrae stars are low-mass, helium-burning, horizontal branch
stars, exhibiting periodic light curves with a pulsation period of
∼ 0.2 − 1.0 day and amplitude variation of 6 2 mag (Preston 1964;
Kolenberg 2012). These radially pulsating variables are valuable
tracers of old and metal-poor stellar populations and provide ex-
tragalactic distance estimates with well-defined period-luminosity
relations (PLRs), especially in the near-infrared bands (Longmore
et al. 1986; Bono et al. 2001; Catelan et al. 2004; Sollima et al.
2006; Muraveva et al. 2015; Braga et al. 2015; Neeley et al. 2015).
Additionally, a narrow range of the intrinsic colors of RR Lyrae
stars also serves as a useful reddening indicator (Sturch 1966; Ma-
? E-mail:susmitadas130@gmail.com
teo et al. 1995; Guldenschuh et al. 2005; Wagner-Kaiser & Sara-
jedini 2017). RR Lyrae and Cepheid variables are both excellent
probes for the understanding of the theory of stellar pulsation and
evolution. A comparison of their observed light curves and pulsa-
tion properties with theory provides very useful constraints for the
stellar pulsation models (Simon 1985; Marconi et al. 2013a, 2017;
Bhardwaj et al. 2017).
Light curve structures of Cepheid and RR Lyrae variables
were first studied using the Fourier decomposition method by Si-
mon & Lee (1981) and Simon & Teays (1982), respectively. The
variation of lower-order Fourier parameters with period for 70 field
RR Lyrae stars was discussed by Simon & Teays (1982). They
found that fundamental-mode (RRab) and first-overtone (RRc)
mode RR Lyrae stars can be easily differentiated on the Fourier
amplitude plane. Petersen (1984) carried out a Fourier analysis of
c© 2018 The Authors
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RR Lyrae stars in the ω Centauri and found evidence of Cepheid-
like progressions (Simon & Lee 1981) in RRab stars in the period
range 0.5 day to 1.5 days. Simon (1985) compared the light curves
of RR Lyrae stars with those from hydrodynamical models using
Fourier decomposition and while they found consistent results be-
tween theoretical and observed data for the RRc stars, there was a
discrepancy in the Fourier phase parameters for RRab stars. Bono
et al. (1996) computed pulsation models of RR Lyrae stars with
different chemical compositions and found that the bolometric am-
plitudes increase for RRab stars and decrease for RRc stars with
an increase in the metal abundance. Using a smooth grid of mod-
els covering a range of stellar masses, luminosities and metallici-
ties, Bono et al. (2001) provided theoretical constraints on the PLR
for RR Lyrae stars in the K-band. Most of these theoretical stud-
ies focussed on the comparison with observed pulsation properties
(Marconi et al. 2011; Bono et al. 2011, 2016; Marconi et al. 2016),
while others carried out a model fitting of the light curves e.g. Si-
mon (1985); Wood et al. (1997); Bono et al. (2002); Natale et al.
(2008); Marconi et al. (2010, 2013a,b, 2017) for Cepheids and Ko-
vacs & Kanbur (1998); Bono et al. (2000); Castellani et al. (2002);
Di Fabrizio et al. (2002); Marconi & Clementini (2005); Marconi
& Degl’Innocenti (2007) for RR Lyrae stars. However, this work
makes use of the modern time-series data and the most recent stel-
lar pulsation models of RR Lyrae stars from Marconi et al. (2015) to
provide an extensive comparison of theoretical and observed light
curves of RR Lyrae variables.
Fourier analysis of RR Lyrae stars has also been employed
to obtain photometric metallicities using the empirical light curve
structure and metallicity relations (Kovacs & Zsoldos 1995). Ju-
rcsik & Kovacs (1996) investigated the best-fit relations between
[Fe/H] and the Fourier parameters and found a linear relation
among [Fe/H], period and the Fourier phase parameter (φ31). Mor-
gan et al. (2007) found a [Fe/H]− φ31 − P relation for RRc stars in
the globular clusters analogous to that found by Jurcsik & Kovacs
(1996) for RRab stars. The correlation of Fourier phase parameters
with metallicity for RR Lyrae stars has been revisited by several au-
thors, for example, Smolec (2005); Nemec et al. (2013); Skowron
et al. (2016); Ngeow et al. (2017) and references therein. These
empirical relations allow studies of morphology, structure and the
metallicity of the Galaxy and the Magellanic Clouds (Haschke et al.
2012; Deb & Singh 2014; Deb et al. 2015; Hajdu et al. 2015;
Skowron et al. 2016).
Additionally, light-curve data of RR Lyrae stars can also be
used to study period-color (PC) and amplitude-color (AC) relations
as a function of pulsation phase to understand the interaction of the
stellar photosphere and the hydrogen ionization front (Simon et al.
1993; Kanbur & Fernando 2005; Bhardwaj et al. 2014; Ngeow et al.
2017). Recent near-infrared observations of RR Lyrae stars pro-
vide evidence of a tight PLR at longer wavelengths (Sollima et al.
2006; Del Principe et al. 2006; Coppola et al. 2012; Muraveva et al.
2015; Braga et al. 2015; Neeley et al. 2017) that can be used to
measure the value of the Hubble constant up to a few percent pre-
cision (Beaton et al. 2016). However, metallicity contribution to
PLRs for RR Lyrae stars is not well-constrained as the observed
P − L − [Fe/H] relations differ from those obtained using theoret-
ical pulsation models (for example, Muraveva et al. 2015; Marconi
et al. 2015). A detailed light curve analysis of RR Lyrae stars can
provide insights into the metallicity effects on the light curve struc-
ture and subsequently on the mean light PLRs. Further, a compari-
son of the observed light curves of RR Lyrae stars with theoretical
models is crucial for understanding important constraints for the
stellar pulsation codes. This analysis has been recently carried out
Table 1. A summary of 410 RR Lyrae models (274 RRab and 136 RRc)
used in the present analysis. The last two columns denote the number of
RRab/RRc models with a unique combination of (Z,Y,
M
M
,log
L
L
). Te in-
dicates the range of effective temperature for each of these combinations.
Z Y
M
M
log
L
L
Te (K) RRab RRc
0.51 1.69 5700−6800 7 3
0.51 1.78 5600−6800 7 30.02 0.27 0.54 1.49 6000−7100 5 3
0.54 1.94 5200−6600 8 −
0.55 1.62 5900−7100 12 4
0.55 1.72 5800−7000 12 10
0.56 1.60 5900−7100 11 40.008 0.256 0.56 1.70 5800−7000 10 9
0.57 1.58 6000−7100 5 3
0.57 2.02 5400−6680 6 −
0.53 1.81 5700−6800 8 4
0.55 1.71 6000−7000 10 8
0.55 1.81 5700−6900 13 −
0.56 1.65 6000−7100 10 4
0.004 0.25 0.56 1.75 5800−7000 10 8
0.57 1.63 6000−7100 10 4
0.57 1.73 5900−7000 10 8
0.59 1.61 6000−7200 10 3
0.59 2.02 5700−6700 7 −
0.58 1.87 5900−6900 7 4
0.001 0.245 0.64 1.67 6000−7200 9 4
0.64 1.99 5700−6800 10 5
0.6 1.89 5700−6900 9 7
0.0006 0.245 0.67 1.69 6000−7200 9 6
0.67 2.01 5800−6800 9 6
0.65 1.92 5800−6900 6 7
0.0003 0.245 0.716 1.72 6000−7200 8 7
0.716 1.99 5700−6900 11 3
0.72 1.96 5800−6900 7 2
0.0001 0.245 0.8 1.76 6000−7200 8 7
0.8 1.97 5800−6700 10 −
for Cepheid variables by Bhardwaj et al. (2017) and we extend this
work for RR Lyrae stars in the present analysis.
The structure of this paper is as follows: Section 2 describes
the theoretical models and the observational data used in this anal-
ysis. The Fourier decomposition technique is briefly discussed in
Section 3 and we study the variation of amplitude and Fourier pa-
rameters with wavelength, period and metallicity and present the
comparison of theoretical and observed light curve parameters. We
discuss the extinction corrected PC, AC and PC-metallicity rela-
tions for RR Lyrae stars in Section 4. Finally, we summarise the
results of this study in Section 5.
2 THE DATA
2.1 Theoretical light curve data
We analyse the theoretical light curves generated using the non-
linear, time-dependent convective hydrodynamical models of 243
RR Lyrae stars (166 RRab, 77 RRc) from Marconi et al. (2015),
computed with a constant helium-to-metal abundance ratio. 167
additional models (108 RRab, 59 RRc) with different metal abun-
dances, stellar masses and luminosities have been computed for
the present analysis and the summary of the models available is
listed in Table 1. The models have seven different chemical com-
positions ranging from Z=0.02 to Z=0.0001, with a primordial He
abundance of 0.245 and a helium-to-metals enrichment ratio of 1.4.
The [He/M] value has been adopted to correctly replicate the ini-
tial helium abundance of the Sun (Serenelli & Basu 2010). We note
MNRAS 000, 1–18 (2018)
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Table 2. The observed light curve data used in the present analysis with the number of stars available in each dataset. NRRab, NRRc and NT2C refer to the
number of RRab, RRc and type II Cepheid variables.
Band NRRab NRRc Reference NT2C Reference
V 11736 5603 517Bulge Soszyn´ski et al. (2014) Soszyn´ski et al. (2017)
I 25929 10261 873
V 25762 8758 202LMC Soszyn´ski et al. (2016) Soszyn´ski et al. (2008)
I 26209 8893 203
V 4769 739 42SMC Soszyn´ski et al. (2016) Soszyn´ski et al. (2010)
I 4825 746 43
3.6 µm 14 − −M4 Neeley et al. (2015) −
4.5 µm 14 − −
Table 3. The light curve parameters of RR Lyrae stars from the theoretical models. The columns provide the chemical composition (Z and Y), filter (λ), stellar
mass, mode of pulsation, effective temperature (Te), logarithmic luminosity, logarithmic period, amplitude (A), mean magnitude (m0), Fourier amplitude
(R21,R31) and phase (φ21,φ31) parameters and the mean radius.
Z Y λ MM Mode Te log
L
L log(P) A m0 R21 R31 φ21 φ31 log
R
R
0.0200 0.270 U 0.51 FU 6800 1.69 -0.193 1.258 1.056 0.407 0.152 2.838 5.627 0.702
0.0200 0.270 U 0.51 FU 6700 1.69 -0.171 1.661 1.123 0.494 0.176 3.041 6.006 0.715
0.0200 0.270 U 0.51 FU 6500 1.69 -0.127 1.596 1.192 0.474 0.089 3.463 0.594 0.741
0.0200 0.270 U 0.51 FU 6200 1.69 -0.058 1.044 1.293 0.458 0.131 4.462 1.993 0.782
0.0200 0.270 U 0.51 FU 6500 1.69 -0.127 1.596 1.192 0.474 0.089 3.463 0.594 0.741
0.0200 0.270 U 0.51 FU 5900 1.69 0.012 0.433 1.431 0.871 0.205 4.722 1.338 0.826
0.0200 0.270 U 0.51 FU 5700 1.69 0.064 0.519 1.592 0.448 0.224 5.107 1.510 0.856
0.0200 0.270 U 0.54 FU 6800 1.49 -0.379 1.703 1.586 0.476 0.283 2.807 5.510 0.603
0.0200 0.270 U 0.54 FU 6700 1.49 -0.356 1.481 1.604 0.449 0.243 2.848 5.662 0.615
0.0200 0.270 U 0.54 FU 6500 1.49 -0.313 1.169 1.653 0.388 0.196 3.028 6.215 0.641
Notes: This table is available entirely in a machine-readable form in the online journal as supporting information.
here that Z=0.0122 (Asplund et al. 2005). Each of these composi-
tions have a few sets of stellar masses and luminosities, which were
fixed according to detailed central He-burning horizontal-branch
evolutionary models. The typical range of Z is broad enough for
the comparison with the observed RR Lyrae stars in the Galaxy,
LMC and SMC (Clementini et al. 2003). For a fixed Z, the range
of M,L,T is certainly not smooth enough to cover all possible com-
binations. Regardless, these set of models will be used to provide
an overall consistency test for the comparison with observed light
curves structure. However, we emphasize that a smoother grid of
models may allow us to study the impact of different physical
parameters on the light curve structure. The predicted bolomet-
ric light curves for both fundamental (FU) and first overtone pul-
sators (FO) have been transformed into optical (UBVRI) and near-
infrared (NIR;JKL) bands using static model atmospheres (Bono
et al. 1995; Castelli et al. 1997a,b). The models also include RR
Lyrae stars with periods greater than 1 day, taking into account the
possibility of evolved RR Lyrae stars.
2.2 Archival observed light curve data
We also use archival observed light curve data for a comparison
with the theoretical results. This is summarised in Table 2. The op-
tical (VI) light curves are taken from the OGLE-IV catalog of RR
Lyrae variables in the Large Magellanic Cloud (LMC) and Small
Magellanic Cloud (SMC) (Soszyn´ski et al. 2016) and the Galactic
Bulge (Soszyn´ski et al. 2014). The mid-infrared (3.6 µm and 4.5
µm) time-series photometry data for RR Lyrae stars in the globular
cluster M4 (NGC 6121) is taken from Neeley et al. (2015). We have
also included the data of type II Cepheids in the LMC (Soszyn´ski
et al. 2008), SMC (Soszyn´ski et al. 2010) from the OGLE-III cata-
log and the Galactic Bulge (Soszyn´ski et al. 2017) from the OGLE-
IV catalog in the optical (VI) bands for a comparison with the mod-
els of evolved RR Lyrae stars with different chemical compositions.
In order to study the pulsation properties of the observed RR
Lyrae stars at a particular phase or mean-light, we need to account
for the extinction corrections in magnitudes at a given wavelength.
Using the positions (RA/Dec), we obtain the color excess E(V − I)
values for RR Lyrae stars and type II Cepheids in the LMC and
SMC from the reddening maps of Haschke et al. (2011). We convert
the color-excess values to the E(B − V) values using the relation:
E(V − I) = 1.38 × E(B − V) (Tammann et al. 2003). We make use
of the following conversion factors (Schlegel et al. 1998) to get the
extinction in V, I bands:
AV = 3.32 × E(B − V),
AI = 1.94 × E(B − V).
(1)
We note that the reddening law towards the central Galactic
bulge is not standard (Popowski 2000; Udalski 2003; Nishiyama
et al. 2006, 2008, 2009; Nataf et al. 2013; Matsunaga et al. 2013)
where the optical extinction is significantly large. Therefore, we
adopt two different methods to correct the optical colors of RR
Lyrae and type II Cepheid variables in the Galactic bulge. In the
MNRAS 000, 1–18 (2018)
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Figure 1. The variation of the mean amplitudes (A) as a function of period
and wavelength for the theoretical light curves of RRab stars with metal
abundance Z>0.004, Z=0.004 and Z<0.004. Error bars are standard devia-
tions on the mean value within a given bin size.
first, we obtain the color excess E(J−Ks) values using their galactic
latitudes and longitudes within a boxsize of 2′ from the extinction-
maps of Gonzalez et al. (2012)1. The extinction maps also provide
a value of the extinction in Ks-band, AKs = 0.689E(J − Ks) using
the Cardelli extinction-law (Cardelli et al. 1989). The optical total-
to-selective absorption ratios used from the Cardelli extinction-law
are AKsAV = 0.114 and
AI
AV
= 0.479. In the second method, we take
color excess E(V − I) and extinction AI obtained using the posi-
tions (RA/Dec) in the extinction calculator based on the OGLE
data (Nataf et al. 2013)2. This extinction law makes use of the
E(J − KS ) values from Gonzalez et al. (2012) and provides a re-
lation: AI = 0.7465E(V − I) + 1.3700E(J − KS ). The AV values
are estimated using the relation E(V − I) = AV − AI . For the glob-
ular cluster M4, the color excess of E(B − V) = 0.37 ± 0.10 is
taken from Hendricks et al. (2012) and the total-to-selective ex-
tinctions of A3.6/E(B − V) = 0.203 and A4.5/E(B − V) = 0.156
from Monson et al. (2012) to finally get the extinction corrections
of A3.6 = 0.075 ± 0.020 mag and A4.5 = 0.058 ± 0.016 mag. These
extinction corrections are applied to the magnitudes and colors at
1 http://mill.astro.puc.cl/BEAM/calculator.php
2 http://ogle.astrouw.edu.pl/cont/4_main/ext/ogleiii_gb/
index.html
minimum, mean and maximum light during the pulsation cycle.
The light curve structure as well as the Fourier parameters and am-
plitudes are considered to be independent of the extinction correc-
tion for the present analysis. However, the interstellar reddening
may affect the light curves as a second-order effect (Schmidt-Kaler
1982; McCall 2004; Hendricks et al. 2012).
3 FOURIER ANALYSIS OF RR LYRAE LIGHT CURVES
Fourier analysis method is discussed in detail, for example, in Deb
& Singh (2009) and Bhardwaj et al. (2015). In brief, the theoretical
and photometric light curve data of RR Lyrae stars are fitted with
the Fourier sine-series of the form:
m(x) = m0 +
N∑
k=1
Ak sin(2pikx + φk), (2)
where x is the pulsation phase. The periodicity in the light curves is
used to fold the entire light curve into one phase cycle (0 6 x 6 1).
In equation 2, m0 is the mean magnitude and N is the order of the
fit. We have used N = 20 for the theoretical light curves, N = 4
for the data from the globular cluster M4. For the photometric light
curves from OGLE, N is obtained using the Bart’s criteria (Bart
1982) by varying it from 4 to 8. To obtain the best-quality light
curves, we restrict our sample to the stars for which more than 30
observations are available in the OGLE-IV catalogue.
Fourier amplitude and phase coefficients (Ak and φk) are used
to determine Fourier amplitude ratios and phase differences:
Rk1 =
Ak
A1
,
φk1 = φk − kφ1,
(3)
where, k > 1 and 0 6 φk1 6 2pi. The errors in the Fourier Param-
eters are calculated using the propagation of errors in the Fourier
coefficients (see Deb & Singh 2010).
We carried out a Fourier analysis of both theoretical and ob-
served light curves of RR Lyrae variables. We find that the median
value of standard deviation around Fourier fitted light curves does
not exceed ∼0.06 mag in all of our samples in both V and I fil-
ters. The errors on the mean magnitudes and the Fourier parameters
obtained from fitting the models are of the order of 10−4 and are,
therefore, not considered in our analysis. Tables 3 and 4 provide
light curve parameters of the theoretical and observed light curves
of RR Lyrae stars, respectively. In the following subsections, we
discuss the variation of their light curve parameters as a function of
period, wavelength and metallicity.
3.1 Amplitude parameters
The pulsation models of RR Lyrae stars are able to reproduce the
observed light and velocity variations and the topology of the in-
stability strip (Marconi et al. 2015). The peak-to-peak amplitude is
defined as the difference between maximum and minimum of light
variations:
(Mλ)amp = (Mλ)min − (Mλ)max, (4)
where (Mλ)min and (Mλ)max are the minimum and maximum mag-
nitudes in the λ-band, respectively, obtained from the best-order
Fourier fits.
Fig. 1 shows the variation of the mean theoretical amplitudes
with period, wavelength and metallicity. The mean amplitudes are
MNRAS 000, 1–18 (2018)
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Table 4. The light curve parameters of observed RR Lyrae stars. The columns provide the source, filter (λ), mode of pulsation, Star ID, logarithmic period,
order of Fourier fit, amplitude (A), mean magnitude (m0) and the Fourier amplitude (R21,R31) and phase (φ21,φ31) parameters.
Source λ Mode Star ID log(P) order A m0 R21 R31 φ21 φ31
σm0 σR21 σR31 σφ21 σφ31
Bulge V FU OGLE-BLG-RRLYR-00162 -0.263 5 1.014 17.272 0.608 0.799 3.119 5.996
0.027 0.164 0.281 0.392 0.200
Bulge V FU OGLE-BLG-RRLYR-00172 -0.321 6 0.976 16.946 0.429 0.272 2.127 5.130
0.033 0.127 0.042 0.208 0.691
... ... ... ... ... ... ... ... ... ... ... ...
LMC V FU OGLE-LMC-RRLYR-00579 -0.227 4 0.607 19.746 0.372 0.237 2.399 5.164
0.004 0.028 0.027 0.088 0.133
LMC V FU OGLE-LMC-RRLYR-00595 -0.214 4 0.704 19.776 0.456 0.270 2.390 5.272
0.003 0.018 0.017 0.049 0.079
... ... ... ... ... ... ... ... ... ... ... ...
SMC V FU OGLE-SMC-RRLYR-0001 -0.253 4 1.014 19.588 0.338 0.322 2.155 4.599
0.010 0.040 0.037 0.136 0.170
SMC V FU OGLE-SMC-RRLYR-0002 -0.226 4 0.729 19.612 0.483 0.273 2.493 5.443
0.009 0.047 0.042 0.106 0.192
... ... ... ... ... ... ... ... ... ... ... ...
M4 3.6 FU V5 -0.206 4 0.156 10.884 0.230 0.081 4.812 3.473
0.004 0.083 0.082 0.367 1.197
M4 3.6 FU V7 -0.302 4 0.299 11.090 0.424 0.257 4.046 1.667
0.007 0.096 0.084 0.278 0.462
... ... ... ... ... ... ... ... ... ... ... ...
Notes: This table is available entirely in a machine-readable form in the online journal as supporting information.
obtained by taking average in a bin-size of log(P) = 0.1 dex, mov-
ing in steps of 0.03 dex. The error bars represent the standard devi-
ation on the mean value within a given bin-size. We note that there
is a range of M,L,T values in a given period bin and their impact
on light curve parameters as a function of period will be discussed
in the following subsections. We observe a decrease in amplitude
with an increase in wavelength. This is similar to the results for
Cepheid variables (Bhardwaj et al. 2017) and this is expected be-
cause the effective temperature of an RR Lyrae star is such that the
Planck function peaks at visible wavelengths. Thus, the tempera-
ture dependence of visible flux scales as R2T 4e . On the other hand,
since the infrared wavelengths lie on the Rayleigh-Jeans tail of the
Planck function, the temperature dependence of K-band flux scales
as R2T 1.6e (Jameson 1986; Catelan & Smith 2015). At longer wave-
lengths, K-band and L-band amplitudes are similar. We have sep-
arated all the models in the three metal-abundance ranges around
Z=0.004 for plotting but we note that these results hold for all sets
of models with a fixed metal-abundance.
However, for some short-period models (log(P) < −0.1 for
Z=0.004 and log(P) < 0.1 for Z<0.004), the U-band mean am-
plitudes are lower than the mean amplitudes in B-band. This de-
pends on the effective temperature of the RR Lyrae star. If the ef-
fective temperature is such that the Planck function peaks at wave-
length corresponding to the B-band, U-band now lies at the shorter-
wavelength side of the peak and thus, Bamp is the largest. The wave-
lengths on either side of the peak have amplitudes less than Bamp.
In contrast, if the effective temperature is such that the Planck func-
tion peaks at U-band, all other bands will have amplitudes less than
Uamp. This can also be seen from the results listed in Table 6 of
Monson et al. (2017) for Galactic field RR Lyrae variables.
We also note the variation of the mean amplitudes with periods
and find a decrease in amplitude with increase in period for both
Z>0.004 and Z=0.004, with a minimum at around log(P) = 0. For
Z>0.004, this is followed by an increase in the mean amplitude with
period and a maximum occurs at around log(P) = 0.2. For the case
of Z<0.004, the monotonic decrease in the mean amplitude with
period is followed by a break in the pattern around log(P) = −0.1.
These changes in the mean amplitudes with period are more distinct
in the optical bands as compared to those in the infrared bands.
The comparison of the mean amplitudes from the theoretical
RRab models with the mean observed amplitudes for RRab stars
in the Bulge, LMC and SMC at optical wavelengths (VI) is de-
picted in Fig. 2. The mean amplitudes for models with Z>0.004 and
Z=0.004 have similar trend to RRab stars in the Bulge, LMC and
SMC, with a monotonic decrease in their mean amplitudes with pe-
riod in the range −0.35 < log(P) < 0. The mean amplitudes for all
Z with log(P) < −0.1 match well with the observed amplitudes in
the VI-band, given the large uncertainties. However, the longer pe-
riod models (log(P) > −0.1) for Z<0.004 display significantly large
mean amplitudes when compared with the observations. The ampli-
tude ranges are also consistent between the models and the obser-
vations, with marginally better consistency in the V-band than in
the I-band. In general, the mean amplitude values from the models
are slightly higher than those from the observations. Di Criscienzo
et al. (2004) had suggested that an increase in the mixing length
parameter can cause a decrease in the pulsation amplitudes while
keeping the light curve structure unchanged for RR Lyrae stars -
this is similar to the results for Cepheid variables (Fiorentino et al.
2007; Bhardwaj et al. 2017). We note that the pulsation amplitudes
of theoretical light curves are affected by the uncertainties on the
assumed convective efficiency (see, e.g., Fiorentino et al. 2007).
3.2 Theoretical Fourier Parameters
We present the variation of I and K-band Fourier parameters as
a function of mass for Z=0.004 in Fig. 3. Note that some of the
MNRAS 000, 1–18 (2018)
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Figure 2. A comparison of the mean amplitudes for RRab models with the mean observed amplitudes for RRab stars in Bulge, LMC and SMC in the V and
I- bands. The representative error bars are plotted for both VI bands in the first-column.
Fourier phase parameters (φ21 and φ31) have been offset by 2pi for
visualisation purposes, for this figure as well as the following fig-
ures involving phase parameters in this paper. A smooth grid of
models with a range of masses and luminosities enables us to pre-
dict how mass affects the Fourier parameters. The various sets of
M-L pairs are clearly separated on the Fourier amplitude plane as a
function of period in the K-band. However, this is not seen for mod-
els with P > 1d and also at optical wavelengths. In K-band, the sep-
aration of different M-L pairs is also distinct and clear on the phase
parameter plane and we also note that the two different luminosity
values for a given mass are well-separated. Further, for a fixed pair
of M-L, the amplitude parameters decrease and the phase parame-
ters increase with increase in mass in the overlapping period range.
The near-infrared data available at present either consists of single-
epoch observations or a few tens of observations. These sparsely
sampled light curves do not provide accurate and precise values
of Fourier parameters. With well-sampled near-infrared time-series
data becoming available in near-future, such comparison with mod-
els can be used to provide constraints on the M-L combinations of
RR Lyrae variables.
The variation of the mean Fourier amplitude (R21 and R31) and
phase (φ21 and φ31) parameters with wavelength is shown in Fig. 4
for all the models of different Z values combined together. We ob-
serve a distinct and clear trend in the mean Fourier parameters as a
function of wavelength. For a given period, the mean amplitude pa-
rameters decrease with increase in wavelength and the mean phase
parameters increase with wavelength. Similar variation was also
observed for the Cepheid variables with both theoretical and ob-
served data (Bhardwaj et al. 2017). The optical mean amplitude pa-
rameters display greater scatter when compared to infrared bands as
the metallicity effects are more pronounced at shorter wavelengths
(Longmore et al. 1986; Bono et al. 2001; Sollima et al. 2006). Fur-
ther, the scatter in the mean phase parameters also increases for
P > 1d.
Fig. 5 displays the variation of the Fourier parameters with pe-
riod as a function of different compositions at IK wavelengths. We
find that for the short period RR Lyrae stars (log(P) < −0.15),
the values of R21 are greater for metal-rich models at optical
bands while no clear trend is seen in R31. We also observe sepa-
ration of RR Lyrae models based on different sequences of metal-
abundances in K-band amplitude parameter plane. As expected, the
phase parameters display a better correlation with metal-abundance
both at optical and infrared bands. The phase parameters increase
with metal-abundance at a given period in optical bands while in
K-band the variation is similar for a fixed set of M-L pair. Note that
the correlation of Fourier phase parameters with metallicity has re-
sulted in several empirical P−[Fe/H]−φ31 relations in the literature
(Jurcsik & Kovacs 1996; Smolec 2005; Morgan et al. 2007; Jurcsik
et al. 2009; Nemec et al. 2013; Ngeow et al. 2016).
We also carry out a quantitative analysis of the difference in
the mean Fourier parameters (obtained by binning the entire period
range in steps of log(P)=0.15 dex) across two filters V and I for
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Figure 3. Fourier parameters for theoretical light curves of RRab stars in
the I and K-bands for Z=0.004. The colorbar represents the different stel-
lar mass models. For a given mass, small/large symbols represent low/high
luminosity values as listed in Table 1.
the cases − Z=0.02, Z=0.008 and Z=0.004. We do not find any
significant difference within 3σ uncertainties in the mean Fourier
parameters, except for the R21 value in the period bin 0.30-0.45.
3.3 Comparison of the theoretical and observed Fourier
parameters
We present a comparison of the theoretical mean Fourier parame-
ters for RRab stars having metal-abundances, Z > 0.004, Z = 0.004
and Z < 0.004, with the observed I-band Fourier parameters of
RRab and type II Cepheid variables in the Bulge, LMC and SMC
from the OGLE catalog in Fig. 6. We find that the Fourier parame-
ters from the models are consistent with those from observations for
all the cases over most of the period bins (P < 1d), given the disper-
sion in observed parameters. However for P > 1, we compare the
theoretical amplitude parameters with the observed parameters for
type II Cepheids and find that average values are consistent within
errors, although the R21 values for 0 < log(P) < 0.15 for in case of
Z < 0.004 show a greater offset. In case of φ21, there is a discrep-
ancy between theoretical and observed parameters in the period bin
of 0 < log(P) < 0.2. However, φ31 values match well with obser-
vations over the all period ranges. While there is an overall con-
sistency between theoretical and observed light curve parameters,
some of these discrepancies related to the amplitude parameters
can be resolved by adopting a higher mixing length (see e.g. Mar-
coni & Clementini 2005; Marconi & Degl’Innocenti 2007 for RR
Lyraes and Marconi et al. 2013a,b for classical Cepheids) or with
changes in opacity (Kanbur et al. 2018). The discrepancy at longer
periods corresponding to redder stars may be resolved by assuming
different mixing length parameters in the blue and in the red parts
of the HR diagram when modelling RR Lyrae pulsation (see e.g.
Di Criscienzo et al. 2004). We emphasize here that it is better to
use one set of mixing length/turbulent convection parameters or ar-
tificial viscosity parameters for the whole set of RR Lyraes unless
evidence indicates a specific variation with period in these param-
eters. We also compared limited NIR data available in the globu-
lar clusters for RRab stars (Neeley et al. 2015) and find that the
observed Fourier parameters are consistent with models at longer
wavelengths. However, the poor phase coverage in NIR leads to
a greater dispersion in the Fourier plane and additional data with
well-sampled light curves may lead to a more rigorous compari-
son, thus, constraining the model parameters (Marconi et al. 2017).
One direct consequence of the comparative light curve analy-
sis is that we can get absolute magnitude for an observed RR Lyrae
star, provided the model fits the observed light curve. This will al-
low us to obtain robust distance estimates using theoretical mod-
els. It is known that the RR Lyrae stars do not obey a well-defined
PLR at optical wavelengths but exhibit a strong PLR in the infrared
bands (Longmore et al. 1986; Bono et al. 2001; Catelan et al. 2004;
Sollima et al. 2006; Muraveva et al. 2015; Braga et al. 2015; Neeley
et al. 2015). Despite the recent progress, the absolute calibration
of RR Lyrae PLR is not well-constrained, mainly due to the lack
of parallax measurements. Theoretical PLZ relations for RR Lyrae
stars can be used as calibrators for the extragalactic distance scale
but the contribution due to the metallicity is not well-understood
as there is discrepancy between the theoretical and observed PLZ
relations in the literature. However, we know that the lower order
Fourier coefficients (Ai and φi) provide a good first order measure of
the light curve structure. Therefore, we select similar I-band light
curves in the theoretical models and in the observations from the
OGLE-IV data. We select good-quality light curves by imposing
the following conditions:
(i)
∣∣∣log(P)model − log(P)observed∣∣∣ 6 0.01,
(ii)
∣∣∣Ai,model − Ai,observed∣∣∣ 6 3σAi,observed ,
(iii)
∣∣∣φi,model − φi,observed∣∣∣ 6 3σφi,observed ,
where 1 6 i 6 3. We find 25 RR Lyrae stars in the LMC that pass
these criteria and have light curves that match with theoretical mod-
els − the light curves are presented in Fig 7 and the results are sum-
marised in Table 5. We adopt the absolute magnitudes from models
and extinction-corrected apparent magnitudes to obtain the distance
modulus to the LMC. The average distance modulus to the LMC
obtained from these 25 stars is found to be µLMC = 18.51± 0.07, in
a very good agreement with the published result, 18.49±0.09 from
de Grijs et al. (2014) based on several tracers and other primary
distance indicators, e.g., late-type eclipsing binaries (18.493 mag ±
0.008(statistical) ± 0.047 (systematic), Pietrzyn´ski et al. 2013) and
Cepheids (18.47 mag ± 0.07(statistical), Bhardwaj et al. 2016). The
upper left panel of Fig. 8 displays the estimated distance modulus
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Figure 4. Multi-wavelength mean Fourier parameters for RRab models with the different compositions combined.
as a function of period and metal-abundance. The lower left panel
plots distance modulus as a function of metallicity. The estimated
distance moduli display a correlation with metal abundance (Slope
= −0.215 ± 0.013), albeit a greater scatter (σ = 0.307). Right pan-
els show the theoretical models overplotted on the normalised light
curves of LMC RRab stars. The models fit the observations very
well and this similarity allows a good estimate of distance modu-
lus without accounting for any metallicity effects. We also test the
robustness of distance estimate as we adopt looser constraints on
matching the light curve structure. From Table 5, we see that one
model may correspond to multiple stars in the observed sample.
Therefore, we adopt an additional condition that only one star may
correspond to one model. This allows us to compare matches that
are independent of duplicates as we go to higher sigma threshold.
We find that the distance to the LMC changes from 18.48 to 18.47
with 2-10 sigma threshold and the statistical uncertainties vary
from 0.16 to 0.04. We note that the LMC distance does not vary
significantly with looser constraints as there are more number of
matches, also leading to smaller statistical uncertainties. This sug-
gests that period is indeed the primary parameter, and even though
the light curve morphology is not strictly consistent, the reasonable
distances can be estimated. However, in the era of percent-level
precision, it is important to consider second-order effects i.e. the
contribution from M,L,T that goes into the light curve structure for
a fixed composition. A denser and smoother grid will also affect
this result in a positive way and show the importance of light curve
structure as a secondary way to constrain models over and above
period in the era of precision cosmology. Also given the consis-
tency of models with observed light curves, we can also provide a
reasonable estimate of the physical parameters of the observed stars
such as the chemical composition, stellar mass, luminosity, radius
and effective temperature. In order to provide robust measurement
of the physical parameters, a smoother and denser grid of models
is required that will be used together with an automated non-linear
optimization method (Bellinger et al. 2016) in a future study.
4 PERIOD-COLOR AND AMPLITUDE-COLOR
RELATIONS
The colors at minimum and maximum light for RR Lyrae and
Cepheid variables are used to probe the interactions of stellar pho-
tosphere and hydrogen ionization front (Kanbur & Ngeow 2004;
Bhardwaj et al. 2014). We use theoretical models and OGLE-IV
light curve data for RR Lyrae stars in the Galactic bulge, LMC and
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Table 5. RRab stars in the LMC with period and Fourier coefficients that match with the theoretical models. The first three columns are from observations
while the last six columns are from the models. The extinction-corrected apparent magnitude (m0) and absolute magnitude M are used to estimate the distance
modulus µ to the LMC.
Star ID log(P) m0 M µ Z Y MM log
L
L log
R
R Te
OGLE-LMC-RRLYR-34041 -0.193 18.483±0.006 0.059±0.0 18.424±0.006 0.0200 0.270 0.51 1.69 0.702 6800
OGLE-LMC-RRLYR-25897 -0.277 18.358±0.011 0.316±0.001 18.043±0.011 0.0080 0.256 0.57 1.58 0.676 6600
OGLE-LMC-RRLYR-25411 -0.307 18.959±0.014 0.3±0.001 18.659±0.014 0.0040 0.250 0.59 1.61 0.689 6600
OGLE-LMC-RRLYR-29312 -0.307 18.955±0.009 0.3±0.001 18.655±0.009 0.0040 0.250 0.59 1.61 0.689 6600
OGLE-LMC-RRLYR-25897 -0.277 18.358±0.011 0.276±0.001 18.082±0.011 0.0040 0.250 0.59 1.61 0.702 6500
OGLE-LMC-RRLYR-38981 -0.249 18.845±0.006 0.245±0.001 18.601±0.006 0.0040 0.250 0.59 1.61 0.716 6400
OGLE-LMC-RRLYR-25287 -0.231 18.398±0.012 0.221±0.001 18.177±0.012 0.0040 0.250 0.59 1.61 0.730 6300
OGLE-LMC-RRLYR-25897 -0.277 18.358±0.011 0.248±0.001 18.11±0.011 0.0040 0.250 0.57 1.63 0.698 6600
OGLE-LMC-RRLYR-21626 -0.236 18.593±0.007 0.131±0.001 18.462±0.007 0.0010 0.245 0.64 1.67 0.735 6500
OGLE-LMC-RRLYR-26471 -0.238 18.889±0.008 0.131±0.001 18.758±0.008 0.0010 0.245 0.64 1.67 0.735 6500
OGLE-LMC-RRLYR-31944 -0.234 18.701±0.005 0.131±0.001 18.57±0.005 0.0010 0.245 0.64 1.67 0.735 6500
OGLE-LMC-RRLYR-32942 -0.237 18.842±0.006 0.131±0.001 18.712±0.007 0.0010 0.245 0.64 1.67 0.735 6500
OGLE-LMC-RRLYR-33913 -0.251 18.72±0.005 0.131±0.001 18.589±0.005 0.0010 0.245 0.64 1.67 0.735 6500
OGLE-LMC-RRLYR-36521 -0.250 18.607±0.007 0.131±0.001 18.477±0.007 0.0010 0.245 0.64 1.67 0.735 6500
OGLE-LMC-RRLYR-38007 -0.242 18.619±0.006 0.131±0.001 18.489±0.006 0.0010 0.245 0.64 1.67 0.735 6500
OGLE-LMC-RRLYR-39036 -0.271 17.479±0.004 0.122±0.001 17.357±0.004 0.0006 0.245 0.67 1.69 0.731 6600
OGLE-LMC-RRLYR-29103 -0.237 18.846±0.005 0.092±0.001 18.754±0.005 0.0006 0.245 0.67 1.69 0.745 6500
OGLE-LMC-RRLYR-30469 -0.235 18.676±0.006 0.092±0.001 18.584±0.006 0.0006 0.245 0.67 1.69 0.745 6500
OGLE-LMC-RRLYR-31083 -0.250 18.763±0.007 0.092±0.001 18.671±0.007 0.0006 0.245 0.67 1.69 0.745 6500
OGLE-LMC-RRLYR-35018 -0.246 18.81±0.006 0.092±0.001 18.718±0.006 0.0006 0.245 0.67 1.69 0.745 6500
OGLE-LMC-RRLYR-26708 -0.278 19.089±0.012 0.085±0.001 19.004±0.012 0.0003 0.245 0.72 1.72 0.733 6700
OGLE-LMC-RRLYR-25600 -0.231 18.642±0.007 0.025±0.001 18.616±0.007 0.0003 0.245 0.72 1.72 0.760 6500
OGLE-LMC-RRLYR-28072 -0.252 18.521±0.01 -0.034±0.001 18.556±0.01 0.0001 0.245 0.80 1.76 0.766 6600
OGLE-LMC-RRLYR-25600 -0.231 18.642±0.007 -0.063±0.001 18.704±0.007 0.0001 0.245 0.80 1.76 0.779 6500
OGLE-LMC-RRLYR-10615 -0.206 18.791±0.009 -0.089±0.001 18.88±0.009 0.0001 0.245 0.80 1.76 0.793 6400
SMC to study their PC and AC relations. The colors at maximum
and minimum light are defined as:
(mλ1 − mλ2 )max = (mλ1 )max − (mλ2 )phmax,
(mλ1 − mλ2 )min = (mλ1 )min − (mλ2 )phmin,
(5)
where λ1 < λ2 and m is the apparent/absolute magnitude in case
of observations/models at a particular wavelength. (mλ2 )phmax &
(mλ2 )phmin correspond to the magnitude in λ2 at the same phase as
that of (mλ1 )max & (mλ1 )min, respectively.
4.1 Observed colors of RR Lyrae stars at maximum and
minimum light
Figs. 9 and 10 show the PC and AC relations for the Bulge, LMC
and SMC RRab and RRc stars, respectively, at the phases of max-
imum and minimum light. We correct the observed colors for ex-
tinction as discussed in Section 2 and fit linear regression to obtain
robust estimates of slopes and zero-points after recursively remov-
ing 3σ outliers in PC and AC relations. The results are tabulated in
Table 6.
We note that Bhardwaj et al. (2014) analysed PC and AC rela-
tions for Cepheid and RR Lyrae variables in the LMC and SMC us-
ing OGLE-III data. However, the OGLE-IV light curves have more
number of data-points, specially in the V-band and, therefore, pro-
vide an improved color estimate at minimum and maximum light.
Further, the number of RR Lyrae stars have also increased signifi-
cantly in the OGLE catalog of variable stars. In this work, we have
also included Bulge RR Lyrae stars by accounting for the extinc-
tion using two different methods. From Table 6, we find that the
Galactic Bulge RRab stars have a nearly-flat or shallow PC slope at
minimum light that is consistent with previous results (Simon et al.
1993; Kanbur 1995; Bhardwaj et al. 2014; Ngeow et al. 2017). The
corresponding AC relation is also very shallow whereas there is sig-
nificant slope at maximum light for PC and AC relations. At mini-
mum light, the slope of the PC relation is negative/positive for the
RRab in the SMC/LMC while it is nearly flat for the Bulge RRab
stars. At maximum light, the slope of PC relation increases going
from the Bulge (1.359±0.028/1.397±0.028), LMC (1.651±0.017)
to SMC (1.956±0.039), thus suggesting a possible correlation with
metallicity such that higher metal-abundance leads to shallower
PCmax relation. We also note that the results of the PC slopes at dif-
ferent phases are preserved for the Bulge RR Lyrae stars using the
two different extinction methods of Cardelli et al. (1989) and Nataf
et al. (2013), discussed in Section 2. We compare the PCmin rela-
tions for the common RRab stars in the OGLE-III and OGLE-IV
and find that these changes in slopes are preserved and, therefore,
deserve further investigation. It is worth emphasizing that the PCmin
relation for new RRab stars in the OGLE-IV displays a flat relation
similar to OGLE-III RRab stars.
From the viewpoint of the HIF-stellar photosphere interac-
tion as discussed in Simon et al. (1993); Kanbur (1995); Kanbur
& Phillips (1996); Bhardwaj et al. (2014); Ngeow et al. (2017),
we note that these OGLE IV results are still consistent with those
ideas because as Table 6 demonstrates, the change in slope from
minimum to maximum light is very significant. At minimum light,
the photosphere and HIF are engaged and so the temperature of the
photosphere and hence the color at minimum light is not strongly
dependent on global stellar parameters: hence a shallow PC rela-
tion slope. As the star brightens from minimum light, the tempera-
ture increases, but the HIF and stellar photosphere are still engaged
(Kanbur & Phillips 1996). In this temperature range, the tempera-
ture at which hydrogen ionizes becomes much more strongly de-
pendent on the global stellar properties. This leads to a greater de-
pendence on period for the PC relation at maximum light as op-
posed to minimum light. Following the work of Simon et al. (1993)
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Figure 5. A comparison of the theoretical Fourier parameters for RRab
models over the I and K-bands.
and Kanbur & Phillips (1996), if the PC relation is shallower at
min/max, the AC relation will be steeper at max/min. We find that
the AC relations in the present analysis are also completely con-
sistent with these predictions based on the Stefan-Boltzmann law
(see, Bhardwaj et al. 2014, for more details). Here, we emphasize
that unlike RRab stars, the RRc stars do not show the large differ-
ence in slopes in the PC relation between max/min, as is depicted
in Fig.10. This is consistent with the theory of the HIF-stellar pho-
tosphere interaction. The HIF and stellar photosphere are still en-
gaged, but since the overtones are hotter, the engagement occurs
at a higher temperature which is in a range where Saha ionization
equilibrium is more sensitive to temperature.
In addition, we note that the PCmin is small but nega-
tive/positive for the SMC/LMC and the SMC has lowest metallic-
ity of the three galaxies considered. It is worth mentioning here
that while using the Bart’s criteria to determine the optimum order
of fit for individual stars results in a small negative PCmin slope of
−0.128 ± 0.033 for the RRab stars in SMC, using the order of fit,
N=4 for all stars, results in a flatter PCmin slope of −0.090 ± 0.030.
Increasing the order of the fit for all stars simultaneously leads to
over-fitting. Further investigation is required to determine if the
PCmin slope for SMC RRab stars is indeed significantly negative.
In a future study, we plan to combine these results with evolution-
ary models of RRab stars appropriate for the Bulge, LMC and SMC
to study how the outer envelope structure and relative location of
the stellar photosphere/HIF change due to metallicity and effect
the slope of the PCmin relation. The minimum light color of RR
Lyrae has been used to estimate reddening but a large dispersion in
(V−I)min suggests that caution should be used when using the prop-
erties of RR Lyrae stars at minimum light to determine reddening
(Guldenschuh et al. 2005). We compare here the size of the scatter
in different colors at minimum light − it varies from ∼0.02 in r − i
to ∼0.07 in u − g for RRab in SDSS Stripe 82 region (Ngeow et al.
2017) and from 0.013 in r − z to 0.057 in g − i in the globular clus-
ter M5 (Vivas et al. 2017). We note further that the slopes of the
PCmax relations in the three galaxies vary according to the metal-
licity. The Bulge has the smallest slope, followed by the LMC and
then the SMC. The error on the slopes suggest that the difference
in the PCmax slopes between the three galaxies is significant. The
color at maximum light is essentially a proxy for amplitude since
in these stars temperature fluctuations are more important than ra-
dius fluctuations in determining amplitude variations. It is certainly
the case in Table 6 and these results can be used to place strong
constraints on stellar evolution/pulsation models of RR Lyrae stars.
4.2 Theoretical colors of RR Lyrae stars at maximum and
minimum light
Fig. 11 presents the PC and AC relations at maximum and mini-
mum light obtained from theoretical models with different metal-
abundances. The solid lines display these relations in the Bulge,
LMC and SMC respectively along with a representative 1σ error
bar. The results of the best-fit linear regressions to the theoretical
PC and AC relations are listed in Table 7. We find the slope of
the PC relation at minimum light to be flat for Z=0.02, Z=0.001,
Z=0.0006 and Z=0.0003, within 3σ uncertainties. We note that
the typical mean metallicity of RR Lyrae stars in the LMC is
[Fe/H] = −1.48±0.03 dex on the Harris metallicity scale (Clemen-
tini et al. 2003), equivalent to a mean metallicity of -1.25±0.07
(Smolec 2005) on the High Dispersion Spectroscopy (HDS) scale
(or Z=0.0006 with the source for standard abundances from As-
plund et al. (2005)3) . Similarly, the average metal-abundance of
RR Lyrae stars in the SMC is much smaller, Z=0.0003. The theo-
retical models predict a flat PC relation for the RRab stars in the
LMC and SMC at minimum light. Interestingly, the PC relation at
minimum light is slightly negative for both observed RR Lyrae stars
in the SMC and the model Z=0.0003 − this is observed neither in
Bulge/LMC nor with the other model compositions.
4.3 Period-color-metallicity relation at maximum light
We note from Table 6 that the slope of PC relation at maximum
light increases as we go from the Bulge to LMC to SMC. Therefore,
we investigate metallicity dependence on PC relations at maximum,
mean and minimum light. The photometric metallicities ([Fe/H])
values are estimated from the light curves of the RRab stars using
the relation from Smolec (2005):
[Fe/H] = −3.142 − 4.902P + 0.824φ31 (6)
3 http://astro.wsu.edu/models/calc/XYZ.html
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Figure 6. A comparison of the theoretical mean Fourier parameters for RRab stars with compositions Z > 0.004, Z = 0.004 and Z < 0.004 with the observed
mean Fourier parameters from OGLE-IV RRab stars (shown in contour lines) and type II Cepheids (shown as scatter points) in the Bulge, LMC and SMC
from the OGLE catalog in the I-band.
where P is the period in days of the RRab star and φ31 is the Fourier
phase parameter listed in Table 4. This relation provides the metal-
licity estimates on the HDS scale. We find the median metallic-
ity of LMC to be −1.267 ± 0.002 dex on the HDS scale. As men-
tioned earlier, Clementini et al. (2003) found a mean metallicity of
−1.48 ± 0.03 dex on the Harris scale which when converted to the
HDS scale results in a mean metallicity of −1.25±0.07 dex (Smolec
2005). The median metallicity of SMC is −1.491 ± 0.006 dex and
that of Bulge is −1.012± 0.004 dex on the HDS scale using this re-
lation. Using these median metallicities, we conclude that Z=0.001
for Bulge, Z=0.0006 for LMC and Z=0.0003 for SMC and as such,
we use these models for comparison in Figs. 9 and 10.
Table 8 summarises the PC − [Fe/H] relations for RRab stars
in the Bulge, LMC and SMC at minimum, mean and maximum
light. The metallicity dependence of the PC relation increases as
we go from minimum to maximum light, suggesting that the mean
light results are an average of the results at max/min light or of
the various pulsation phases. A multiphase approach over multi-
ple wavelengths will be carried out in near-future to investigate this
further. To determine the statistical significance of the variables,
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Figure 7. The light curves of the 25 stars in the LMC (in red) that match with models (in blue). The period of these stars and the properties of the corresponding
models such as the stellar mass, luminosity, radius and effective temperature may be found in Table 5.
we check if the p-value of the t-test for the significance of the addi-
tional variable (Pr(> |t|)) is less than 0.05. All the variables in the
PCZ relations are found to be significant for all the cases except for
the [Fe/H] term in the case of LMC at minimum light.
5 DISCUSSION AND CONCLUSIONS
We have carried out a detailed light curve analysis for the largest
available dataset of RR Lyrae stars in the Bulge, LMC and SMC
from the OGLE-IV survey using the Fourier decomposition tech-
nique and compared the results with the most recent stellar pulsa-
tion models of RR Lyrae stars from Marconi et al. (2015). The mod-
els show a decrease in amplitude with an increase in wavelength,
except for a few period ranges where Uamp < Bamp, depending on
the effective temperature of the RR Lyrae star. This is consistent
with observations, albeit the mean amplitudes from the models are
slightly higher than those from observations − an increase in the
mixing length parameter can cause a decrease in the pulsation am-
plitudes (Di Criscienzo et al. 2004). Also, the uncertainties on the
assumed convective efficiency affect the pulsation amplitudes of the
theoretical light curves (Fiorentino et al. 2007). An investigation of
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Figure 8. The left panels display the variation of distance modulus as a function of period (top) and metal-abundance (bottom). Solid lines represent µLMC =
18.49 ± 0.09 in the top panel and best fit linear regression in the bottom panel while the dashed lines represent 1σ error in each case. The right panel shows
theoretical and observed (normalised with respect to median magnitude) I-band light curves of two RR Lyraes that are consistent on the Fourier plane.
Table 6. The slopes and intercepts for PC and AC relations for RR Lyrae stars in the Bulge, LMC and SMC (data from OGLE-IV) at minimum, mean and
maximum light.
Phase slope(RRab) intercept(RRab) σ(RRab) slope(RRc) intercept(RRc) σ(RRc)
Bulge (Using extinction law from Cardelli et al. (1989))
PC max 1.359±0.028 0.542±0.008 0.194 0.402±0.04 0.388±0.021 0.179
- min 0.089±0.027 0.603±0.007 0.185 0.483±0.039 0.649±0.02 0.177
AC max -0.378±0.005 0.53±0.005 0.172 -0.428±0.014 0.369±0.007 0.174
- min 0.099±0.005 0.491±0.005 0.183 0.546±0.014 0.159±0.007 0.178
Bulge (Using extinction law from Nataf et al. (2013))
PC max 1.397±0.028 0.621±0.008 0.187 0.392±0.037 0.449±0.019 0.155
- min 0.13±0.028 0.669±0.007 0.179 0.508±0.04 0.713±0.021 0.168
AC max -0.373±0.005 0.585±0.005 0.155 -0.037±0.016 0.267±0.007 0.166
- min 0.083±0.006 0.563±0.005 0.179 0.815±0.016 0.107±0.008 0.178
LMC
PC max 1.651±0.017 0.681±0.004 0.112 0.618±0.019 0.576±0.01 0.076
- min 0.17±0.014 0.667±0.004 0.094 0.786±0.022 0.855±0.011 0.087
AC max -0.386±0.002 0.611±0.002 0.088 -0.053±0.011 0.295±0.005 0.087
- min 0.02±0.003 0.609±0.002 0.096 0.431±0.012 0.278±0.005 0.092
SMC
PC max 1.956±0.039 0.755±0.009 0.092 0.739±0.053 0.633±0.025 0.054
- min -0.128±0.033 0.653±0.007 0.077 0.51±0.068 0.776±0.032 0.07
AC max -0.375±0.004 0.623±0.003 0.062 -0.259±0.036 0.423±0.019 0.065
- min 0.093±0.005 0.607±0.004 0.076 0.389±0.038 0.337±0.02 0.07
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Figure 9. PC and AC relations for RRab stars at minimum and maximum light for Bulge, LMC and SMC shown as contour lines with the dashed lines
representing the best fit linear regressions. Black dots denote corresponding models (Z=0.001/Bulge, Z=0.00006/LMC and Z=0.0003/SMC) at minimum light
while triangles represent the models at maximum light.
the variation of Fourier parameters with mass predicts a decrease in
Fourier amplitude parameters and an increase in the Fourier phase
parameters with an increase in mass for a given period range, es-
pecially in the K-band. The availability of the NIR RR Lyrae data
in the near future would be useful for providing constraints on the
M-L combinations of the RR Lyrae stars. The variation of Fourier
parameters with wavelength presents a decrease in amplitude pa-
rameters and an increase in phase parameters with an increase in
wavelength, for a given period. The scatter in the amplitude pa-
rameters decreases as we go from optical to infrared, given that the
metallicity effects are less at longer wavelengths.
The observed Fourier parameters of RR Lyrae stars are in rea-
sonable agreement with those obtained from the models − with a
better consistency in the infrared bands. For the long-period range
0 < log(P) < 0.2, models show marginal inconsistency in phase
parameters at optical wavelengths. We found a subset of 25 RRab
stars from the LMC with I-band light curves that match well with
models. These subset of models were used to obtain an average
distance modulus to LMC of 18.51 ± 0.07 mag, which is in good
agreement with published results.
We study the period-color and amplitude-color relations at
minimum and maximum light to understand the interaction of the
stellar photosphere with the hydrogen ionisation front. While the
PCmin slope is nearly-flat for Bulge RRab stars and consistent with
previous results, it has a small but significant positive/negative
slope for LMC/SMC RRab stars. However, the change in slope
from minimum to maximum light is significant and thereby, the
theory of the interaction of stellar photosphere and hydrogen ioni-
sation front is consistent. Unlike their fundamental mode counter-
parts, the RRc stars show a smaller difference in PC slope from
min/max − this is consistent with the theory of the HIF−stellar
photosphere interaction because these stars are hotter and so the
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Figure 10. Same as Fig.9 but for RRc stars.
HIF and stellar photosphere engagement occurs at a much higher
temperature in a range where Saha ionization equilibrium is more
sensitive to temperature.
Using the photometric median metallicities, we find Z=0.001
for Bulge, Z=0.0006 for LMC and Z=0.0003 for SMC and use
these models for comparison with the observations. The mod-
els predict a flat PCmin at minimum light for Z=0.02, Z=0.001,
Z=0.0006 and Z=0.0003. It is interesting to note that Z=0.0003
predicts a slightly negative slope for PCmin, similar to that observed
in SMC. We, therefore, suggest that PCmin may be used as a con-
straint for models. The metallicity dependence of the PC relations
increases as we go from minimum to maximum light. At maximum
light, the PC relation slope increases from Bulge to LMC to SMC.
The results of PC and AC relations in both theory and observations
are found to be consistent with the previous works and the theory of
the interaction of stellar photosphere and hydrogen ionization front.
The multi-wavelength light curve analysis of fundamental-mode
RR Lyrae stars has been carried out extensively for the first-time
in the present analysis using both theoretical models and observed
light curves. Although our results suggest an overall consistency of
the models with the observations, there are cases of discrepancies
such as the higher amplitudes at optical bands and the sensitivity
of convection towards the redder edge of the instability strip that
need further investigation. A smoother grid of models along with
variation in the mixing length, viscosity etc. should result in a bet-
ter agreement between the models and observations. The results of
this work can provide stringent constraints for the theoretical stellar
pulsation codes that incorporate static atmosphere models to gen-
erate RR Lyrae light curves at multiple wavelengths.
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Table 7. The slopes and intercepts for PC and AC relations for the RRab models. The period range has been restricted to log(P) < 0 for comparison with the
observed RRab stars.
Model Phase PC AC
slope intercept σ slope intercept σ
Z=0.02 max 0.351±0.313 0.314±0.067 0.088 -0.485±0.147 0.775±0.162 0.06
min 0.351±0.126 0.726±0.027 0.035 0.003±0.126 0.657±0.139 0.051
Z=0.008 max 1.945±0.191 0.694±0.037 0.1 -0.483±0.018 0.775±0.017 0.042
min 0.82±0.266 0.894±0.052 0.14 -0.21±0.055 0.934±0.053 0.133
Z=0.004 max 1.52±0.191 0.537±0.034 0.122 -0.453±0.014 0.743±0.014 0.039
min 0.609±0.106 0.788±0.019 0.068 -0.126±0.024 0.815±0.026 0.07
Z=0.001 max 0.234±0.497 0.255±0.09 0.158 -0.415±0.024 0.691±0.029 0.03
min 0.17±0.109 0.666±0.02 0.035 -0.054±0.026 0.701±0.031 0.032
Z=0.0006 max 0.333±0.563 0.262±0.108 0.151 -0.401±0.013 0.684±0.017 0.015
min 0.137±0.074 0.663±0.014 0.02 -0.045±0.014 0.693±0.017 0.015
Z=0.0003 max -0.55±0.263 0.138±0.069 0.151 -0.397±0.015 0.687±0.018 0.021
min -0.037±0.036 0.637±0.01 0.021 -0.033±0.011 0.681±0.014 0.016
Z=0.0001 max -0.341±0.635 0.176±0.094 0.14 -0.349±0.017 0.641±0.022 0.022
min 0.25±0.052 0.682±0.008 0.011 -0.005±0.016 0.656±0.021 0.021
Figure 11. PC and AC relations for the RRab models at maximum and minimum light. The period range has been restricted to log(P) < 0 for comparison with
the observed RRab stars. The lines represent the best fit relations to the PC and AC relations from Bulge, LMC and SMC RRab stars. The standard deviations
of the PC and AC plots from the observed data are also plotted on top of each sub-plot.
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Table 8. PC − [Fe/H] relations for the OGLE-IV RRab stars in the Bulge,
LMC and SMC from OGLE-IV at minimum, mean and maximum light.
(V − I) = a + b log(P) + c[Fe/H]
Phase a b c σ∗
Bulge
min 0.571±0.012 0.081±0.030 -0.029±0.007 0.181
mean 0.649±0.011 0.622±0.026 0.050±0.006 0.163
max 0.793±0.012 1.608±0.030 0.189±0.007 0.183
LMC
min 0.6688±0.0074 0.1868±0.0171 -0.0002±0.0038 0.0909
mean 0.741±0.006 0.646±0.014 0.054±0.003 0.076
max 0.901±0.008 1.732±0.018 0.171±0.004 0.095
SMC
min 0.482±0.020 -0.345±0.048 -0.081±0.008 0.077
mean 0.712±0.011 0.605±0.028 0.020±0.005 0.046
max 0.851±0.020 1.899±0.048 0.084±0.008 0.078
∗Standard deviation or internal dispersion.
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APPENDIX A: FOURIER INTERRELATIONS
There is a dearth of light curve data for RR Lyrae stars in the
NIR bands − usually we have single-epoch observations. Even in
case of multi-epoch observations in the NIR bands, the number of
observations are typically not enough to calculate precise Fourier
parameters. From the comparison of the theoretical and observed
Fourier parameters (Sec. 3.3), we find that albeit a few period
ranges where there are slight discrepancies, the observed Fourier
parameters match quite well with those from the models. This helps
us in predicting the Fourier parameters in the other bands after de-
riving the Fourier interrelations using the following transformation
equations:
Rλ221 = α + βR
λ1
21 ,R
λ2
31 = α + βR
λ1
31 ,
φ
λ2
21 = α + βφ
λ1
21 , φ
λ2
31 = α + βφ
λ1
31 ,
(A1)
where λ1 < λ2. Fig.A1 shows a representative plot of the Fourier
interrelations for Z=0.0006 from I-J bands. The green circle en-
closes a set of “outliers” which have been removed prior to obtain-
ing the transformation equations. The set of equations have been
Figure A1. The Fourier interrelations between I and J with chemical com-
position Z=0.0006.
summarised in Table A1 for Z=0.001, Z=0.0006 and Z=0.0003.
The internal dispersion decreases as we go from R21 to R31 and in-
creases as we go from φ21 to φ31 and it increases as we go from
optical to near-infrared bands, for all the cases. This paper provides
the transformation equations for Fourier parameters in (V-I), (I-J)
and (J-K) bands but it can easily be obtained for the rest of the
bands.
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Table A1. The Fourier interrelations in multiple bands for the models Z=0.001, Z=0.0006 and Z=0.0003.
λ1 − λ2 FP Z = 0.001 Z = 0.0006 Z = 0.0003
βa αb σc rd βa αb σc rd βa αb σc rd
V-I R21 0.806±0.058 0.063±0.032 0.045 0.948 0.755±0.051 0.07±0.028 0.053 0.952 0.795±0.047 0.072±0.029 0.042 0.965
R31 0.884±0.04 0.017±0.013 0.024 0.978 0.938±0.038 -0.002±0.012 0.026 0.982 1.013±0.046 -0.02±0.015 0.022 0.979
φ21 1.031±0.05 0.372±0.169 0.227 0.976 1.0±0.043 0.42±0.144 0.197 0.982 1.197±0.062 -0.198±0.215 0.197 0.974
φ31 0.926±0.046 1.12±0.173 0.347 0.982 0.939±0.058 1.038±0.208 0.399 0.973 0.938±0.043 1.01±0.152 0.374 0.982
I-J R21 0.64±0.11 0.097±0.056 0.073 0.779 0.672±0.091 0.066±0.044 0.076 0.839 0.495±0.091 0.168±0.05 0.067 0.763
R31 0.76±0.076 0.023±0.023 0.042 0.905 0.831±0.065 0.001±0.02 0.043 0.936 1.03±0.061 -0.048±0.018 0.03 0.965
φ21 0.96±0.052 0.612±0.183 0.247 0.972 0.944±0.033 0.611±0.111 0.205 0.987 0.937±0.06 0.689±0.222 0.247 0.963
φ31 1.121±0.072 0.668±0.163 0.383 0.975 1.042±0.076 0.681±0.207 0.55 0.958 1.105±0.099 0.768±0.246 0.474 0.952
J-K R21 0.883±0.146 -0.086±0.063 0.08 0.79 0.751±0.1 -0.026±0.04 0.067 0.843 0.64±0.194 -0.001±0.086 0.092 0.585
R31 0.642±0.123 -0.002±0.032 0.056 0.745 0.653±0.091 -0.004±0.023 0.053 0.832 0.9±0.086 -0.065±0.023 0.045 0.915
φ21 0.916±0.054 0.788±0.205 0.282 0.967 0.862±0.066 0.951±0.256 0.342 0.944 0.933±0.049 0.679±0.194 0.304 0.973
φ31 0.844±0.052 1.318±0.107 0.329 0.964 0.835±0.057 1.315±0.135 0.392 0.957 0.875±0.059 1.318±0.157 0.442 0.958
aSlope with associated error.
bIntercept with associated error.
cStandard deviation or internal dispersion.
dPearson’s correlation coefficient.
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